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We consider choice functions [X]k → X , where X is a ﬁnite set and [X]k denotes the set
of all k-subsets of X . We deﬁne a property of domination for such maps generalizing
the classical case k = 2 (tournaments) and prove the existence of a dominating element
generalizing the existence of a 2-root (king) in the classical case.
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1. Introduction
The problem considered in this paper has a natural geometric origin. Let A be a collection of subsets of the plane, or of
some Rn , with the property that for any three members A1, A2, A3 ∈A, there are two Ai, A j such that the -neighbourhood
of Ai ∪ A j contains the third member. Is there a universal pair Ai, A j of elements of A such that the k-neighbourhood
of Ai ∪ A j contains all elements of A, where k is some constant independent of A? A combinatorial formulation of this
problem reads as follows. Given a function ϕ : [n]3 → [n] such that ϕ(A) ∈ A for all A ∈ [n]3 (i.e., ϕ is a choice function),
ﬁnd a,b ∈ [n] such that for every c ∈ [n] there are a1,b1, . . . ,ak(3),bk(3) with
ϕ
({ai,bi,ai+1}
) = ai+1,ϕ
({ai,bi,bi+1}
) = bi+1,
where a1 = a, b1 = b and ak(3) = c. We say that the pair {a,b} k(3)-dominates the element c. This problem can immediately
be generalized by replacing 3 in the above formulation by an arbitrary positive integer m.
In case m = 2, the problem is reduced to complete directed graphs, i.e., tournaments. While tournaments have been
extended to uniform hypergraphs by considering hypergraphs with ordered k-edges [2] (hypertournaments), it seems that
the other possible extension to choice functions has remained unstudied in this respect.
2. A notion of domination
Let us now deﬁne a notion of domination connected with our problem. Let X be a ﬁnite set and let ϕ : [X]3 → X be a
choice function. If ϕ{a,b, c} = c, or if c ∈ {a,b}, then we say that the pair {a,b} dominates c, and we write
c ←ϕ {a,b}
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we deﬁne that {a,b} 2-dominates c with respect to ϕ , written c ←2ϕ {a,b} if there are a′,b′ ∈ X such that a′,b′ ←ϕ {a,b}
and c ←ϕ {a′,b′}. In general, if k > 1, we say that {a,b} k-dominates c, written c ←kϕ {a,b}, if there are a′,b′ ∈ X such that
{a′,b′} (k − 1)-dominates c and {a,b} dominates both a′ and b′ . Our result (for triples) gets the following form: if X is a
ﬁnite set and ϕ : [X]3 → X is a choice function, then there is a pair {a,b} which 3-dominates each element of X .
We can obviously generalize the notion of domination for choice functions ϕ : [X]m → X , where m > 1. We say that an
(m − 1)-set A ∈ [X]m−1 dominates b ∈ X , if ϕ(A ∪ {b}) = b or if b ∈ A. Thus, in particular each (m − 1)-set dominates each
of its elements. As in the preceding paragraph, we deﬁne that A ∈ [X]m−1 k-dominates b if there is A′ ∈ [X]m−1 such that
a′ ←k−1ϕ A for all a′ ∈ A′ and a ←ϕ A′.
3. The main result
Let us now formulate and prove the main result of this section. It should be noted that a degenerate form of the result,
formulated for choice functions ϕ : [X]2 → X , has a particularly simple proof. We also note that such choice functions are
equivalent to directed complete ﬁnite graphs (tournaments) or to reﬂexive and connected relations R on ﬁnite sets X : for
such a relation R there is x ∈ X such that yR2x for all y ∈ X (every tournament has a 2-king [1]). The proof presented
below extends a proof for this degenerate case.
Theorem 3.1. There is for each n > 1 a number k = k(n) such that for any ﬁnite set X and any choice function ϕ : [X]n → X there is
A ∈ [X]n−1 with b ←kϕ A for all b ∈ X. We can take k(n) = n.
Proof. We shall proceed by induction on n. The claim is true for n = 2. Suppose that n > 2 and the claim is valid for n − 1,
i.e., there is k(n − 1) such that the claim of the theorem is true for k(n − 1). Let X be a ﬁnite set and let ϕ : [X]n → X be a
choice function. Obviously we can assume that |X | n + 1. Let {a1, . . . ,an−1} ∈ [X]n−1 be arbitrary, and deﬁne
E1 =
{
b ∈ X: b ← {a1, . . . ,an−1}
}
.
Let F1 = X \ E1. Write A1 = {a1, . . . ,an−1}. If F1 = ∅, choose an ∈ F1 and deﬁne
E2 =
{
b ∈ F1: ∃i ∈ [n − 1]
(
b ← (A1 \ {ai}
)∪ {an}
)}
.
Put F2 = F1 \ E2. In general, assuming that Fi = ∅ has been deﬁned, let ai+n−1 ∈ Fi be arbitrary, let Ai = {a1, . . . ,ai+n−2}
and let
Ei+1 =
{
b ∈ Fi: ∃S ∈ [Ai]n−2
(
b ← S ∪ {ai+n−1}
)}
.
As before, let Fi+1 = Fi \ Ei+1. Since X is ﬁnite, after ﬁnitely many steps we arrive at m such that Em+1 = Fm . For each x ∈ X
we deﬁne a mapping ϕx : [X \{x}]n−1 → X by setting ϕx(A) = ϕ(A∪{x}). We claim that the restriction of ϕam+n−1 to [Am]n−1
is a choice function. Indeed, let A ∈ [Am]n−1. We have to show that ϕam+n−1(A) ∈ A. But if ϕ(A ∪ {am+n−1}) = am+n−1, then
am+n−1 would be dominated by an (n − 1)-set in Am , which would imply am+n−1 ∈ E1 ∪ E2 ∪ · · · ∪ Em , which would be a
contradiction, because
am+n−1 ∈ Fm = Fm−1 \ Em ⊂ X \ (E1 ∪ E2 ∪ · · · ∪ Em).
Therefore, by the inductive hypothesis, there is k(n − 1) and an (n − 2)-set A ∈ [Am](n−2) such that A k(n − 1)-dominates
each element of Am with respect to ϕam+n−1 . We claim that A
′ = (A ∪ {am+n−1}) (k(n − 1) + 1)-dominates every element of
X with respect to ϕ . Too see this, let c ∈ X . First assume that c /∈ Em+1. Because
X = E1 ∪ E2 ∪ · · · ∪ Em+1,
there is l <m + 1 such that c ∈ El . Thus, there is by the deﬁnition of El an (n − 2)-set S ∈ [Al−1]n−2 such that
c ←ϕ S ∪ {al+n−1}.
Since al+n−1 ∈ Al , this element is k(n − 1)-dominated by A with respect to ϕam+n−1 . The reader can easily provide an
inductive proof of the following observation.
Observation. x ←kϕam+n−1 B implies x ←
k
ϕ B ∪ {am+n−1}.
Thus, it follows that al+n−1 ←k(n−1)ϕ A ∪ {am+n−1}; i.e., al+n−1 ←k(n−1)ϕ A′ . Similarly the elements of S are k(n − 1)-
dominated by A′ with respect to ϕ . Therefore, we get the desired result c ←k(n−1)+1ϕ A′ . On the other hand, if c ∈ Em+1,
then there is a subset S ∈ [Am]n−2 such that S ∪ {am+n−1} dominates c with respect to ϕ . Since S is k(n − 1)-dominated
by A with respect to ϕm+n−1, we get as before that c is (k(n − 1) + 1)-dominated by A′ with respect to ϕ . We inductively
obtain k(n) = n. This completes the proof. 
Question. Can it be shown that the constant k(n) = n is the best possible?
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To obtain the geometric application mentioned in Introduction, let A be a ﬁnite family of subsets of R2 with the property
considered above. Deﬁne a mapping ϕ : [A]3 → A by choosing for each triple {A1, A2, A3} an element ϕ({A1, A2, A3})
contained in the -neighbourhood of the two other elements. By the theorem there is a 3-dominating pair {Ai, A j} ∈ [A]2.
The reader will observe that the relation of “being contained in an -neighbourhood” is compatible with the relation of
domination in the sense that for each p, Ak ←p {Ai, A j} implies Ak ⊂ Bp(Ai ∪ A j). Thus, the 3-neighbourhood of Ai ∪ A j
contains all elements of A.
To continue with another geometric example, let X be a ﬁnite subset of R2 with the property that for any three points
x, y, z ∈ X , one is contained in the vertical -stripe determined by the other two points. (The vertical -stripe determined
by p,q ∈R2 is the union of all those vertical translates of the segment Lpq joining p and q which are -close to Lpq .) Again
we note that the relation of being contained in the vertical -stripe is compatible with the relation of domination. Thus,
there is a pair x, y ∈ X such that the 3-stripe determined by x, y contains X .
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